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The behavior of two-dimensional Ising spin glasses at the multiritial point on triangular and
honeyomb latties is investigated, with the help of nite-size saling and onformal-invariane on-
epts. We use transfer-matrix methods on long strips to alulate domain-wall energies, uniform
suseptibilities, and spin-spin orrelation funtions. Aurate estimates are provided for the loation
of the multiritial point on both latties, whih lend strong support to a onjeture reently ad-
vaned by Takeda, Sasamoto, and Nishimori. Correlation funtions are shown to obey rather strit
onformal-invariane requirements, one suitable adaptations are made to aount for geometri
aspets of the transfer-matrix desription of triangular and honeyomb latties. The universality
lass of ritial behavior upon rossing the ferro-paramagneti phase boundary is probed, with the
following estimates for the assoiated ritial indies: ν = 1.49(2), γ = 2.71(4), η1 = 0.183(3),
distintly dierent from the perolation values.
PACS numbers: 75.50.Lk, 05.50.+q
I. INTRODUCTION
In this paper we study two-dimensional Ising spin
glasses, i.e., Ising spin1/2 magneti moments interat-
ing via nearest-neighbor bonds Jij of the same strength
and random sign, drawn from a quenhed probability dis-
tribution:
P (Jij) = p δ(Jij − J0) + (1− p) δ(Jij + J0) . (1)
Our interest fouses on the region of high (low) onen-
tration p (1 − p) of ferro- (antiferro-)magneti bonds,
where even in two dimensions one an have order at
T 6= 0. A ritial line on the T − p plane separates
paramagneti and ferromagneti phases. Furthermore,
for general spae dimensionality d ≥ 2 there is a seond
line of interest on the T − p plane, along whih several
exat results have been derived, known as the Nishimori
line (NL)
1,2
. The shape of the NL is known exatly, and
given by
e−2J0/T =
1− p
p
(NL, p >
1
2
) . (2)
A multiritial point is present, the Nishimori point
(NP). The NP is believed
3
to be loated at the inter-
setion of the ferro-paramagneti boundary with the NL.
Many subsequent studies have taken this as a starting
assumption, so far with onsistent results, and we shall
do so in the present work. As the shape of the phase
boundary is known only approximately, e.g., from nu-
merial studies, additional onsiderations are neessary
if one intends to pinpoint the exat position of the NP.
On a square lattie, a onjeture has been put for-
ward
4,5
, to the eet that the NP should belong to a
subspae of the T − p plane whih is invariant under er-
tain duality transformations. For ±J Ising systems, the
invariant subspae is given by
4,5
:
p log2(1 + e
−2J0/T ) + (1− p) log2(1 + e2J0/T ) =
1
2
. (3)
Computing the intersetion of Eqs. (2) and (3), the exat
loation of the NP is predited to be at p = 0.889972 · · · ,
T/J0 = 0.956729 · · · . This agrees well with earlier nu-
merial estimates (though, in some ases, it is slightly
outside estimated error bars). For detailed omparisons
see, e.g., Ref. 6.
Very reently
7
, reasoning along the lines of Refs. 4,
5 produed a onjetured duality relationship between
loations of the NP on triangular and honeyomb latties.
By inorporating the NL ondition, Eq. (2), onsidering
latties 1 and 2 dual of eah other, invoking the replia
method with n replias and taking the quenhed limit
n→ 0, and dening
H(p) ≡ −p log2 p− (1 − p) log2(1− p) , (4)
it is predited that, for mutually-dual systems with
quenhed randomness,
H(p1c) +H(p2c) = 1 . (5)
Using Monte Carlo simulations, the authors of Ref. 7
established that pc = 0.930(5) for the honeyomb, and
0.835(5) for the triangular lattie. Using Eq. (4), these
values imply that 0.981 < H(p1c)+H(p2c) < 1.042, on-
sistent with the onjeture Eq. (5) .
Our goal here is twofold: rst, to provide aurate
heks of the loation of the NP for both latties, whih
will allow a more stringent test of Eq. (5); and seond, by
invoking universality onepts, to gain more information
on the universality lass of the NP, through investigation
of suitable ritial properties on both latties.
Indeed, although many studies have dealt with the NP
on square latties, knowledge of the assoiated saling in-
dies is still restrited to (sometimes ontraditory) nu-
merial estimates. This is in ontrast with the situation
for pure disrete-symmetry systems in two dimensions,
where it has been established that (i) all ritial expo-
nents are rational numbers belonging to a grid allowed
by onformal invariane
8
, and (ii) for eah universality
2lass the orresponding values have been unambiguously
determined from the subset allowed by suh grid, via ad-
ditional exat results and/or numerial work. Even when
(unfrustrated) disorder is introdued, signiant progress
an be ahieved (for a reent review see, e.g., Ref. 9 and
referenes therein): though the onnetion to rational
values of the exponents is lost, estimates obtained by
various (analytial or simulational) methods are usually
fairly onsistent.
Here we apply numerial transfer-matrix (TM) meth-
ods to the spin1/2 Ising spin glass, on strips of triangular
(T) and honeyomb (HC) latties of widths 4 ≤ N ≤ 13
sites (T) and 4 ≤ N ≤ 16 sites (even values only, HC).
In Se. II, domain-wall energies are omputed, and their
nite-size saling allows us to estimate both the loation
pc of the NP along the NL, and the orrelation-length
index, yt ≡ 1/ν whih governs the spread of ferromag-
neti orrelations upon rossing the ferro-paramagneti
phase boundary. In Se. III, uniform suseptibilites are
alulated, and the assoiated exponent ratio γ/ν is eval-
uated. In Se. IV, we turn to probability distributions
of spin-spin orrelation funtions, and their moments of
assorted orders. These are shown to obey rather strit
onformal-invariane requirements, one suitable adap-
tations are made to aount for geometri aspets of the
TM desription of T and HC latties. Finally, in Se. V,
onluding remarks are made.
II. DOMAIN-WALL SCALING
For pure two-dimensional systems, the duality be-
tween orrelation length ξ and interfae tension σ is well-
established
10
. For an innite strip of width L, onformal
invariane gives at ritiality
11
:
LσL = πη , (6)
where η is the deay-of-orrelations exponent, and σL is
the domain-wall free energy, i.e., the free energy per unit
length, in units of T , of a seam along the full length of
the strip: for Ising systems, σL = f
A
L −fPL , with fPL (fAL )
being the orresponding free energy for a strip with pe-
riodi (antiperiodi) boundary onditions aross. Finite-
size saling properties of σL have been used in the study
of ritial properties of disordered systems as well
12
, in-
luding an investigation of the NP on a square lattie
13
.
With the above denition one has, for non-homogeneous
ouplings as is the ase here, σL = − ln(ΛA0 /ΛP0 ) where
ln ΛP0 , ln Λ
A
0 are the largest Lyapunov exponents of the
TM, respetively with periodi and antiperiodi bound-
ary onditions aross.
We have alulated ΛP0 , Λ
A
0 for strips of both T and
HC latties, usually of length M = 2× 106 olumns, and
widths N as listed in Se. I (with the exeption of N = 16
for HC). It must be realled that both L in Eq. (6) and
the orrelation length ξ (of whih the surfae tension is
the dual) are atual physial distanes, in lattie parame-
ter units
14,15,16,17
. Denoting by ∆ the olumn-to-olumn
Figure 1: Triangular lattie: domain-wall free energies,
Eq. (6), along the NL (parametrized by p, see Eq. (2)). Only
data for odd N are shown, in order to avoid luttering. Error
bars are of order of, or smaller, than symbol sizes.
distane by whih the TM progresses in one iteration, the
usual representations of the T lattie as a square lattie
with a single diagonal bond, and of the HC as a brik"
lattie (i.e., with vertial bonds alternately missing), im-
ply that L = ζN , with ζT = 1, ζHC = 3/2; ∆T =
√
3/2;
∆HC =
√
3 (this latter is beause two iterations of the
TM are neessary in order to restore periodiity). The
universal quantity η is then given by
η =
LσL
π
=
{
(2N/
√
3π)
(
ln ΛP0 − ln ΛA0
)
(T)
(N
√
3/2π)
(
ln ΛP0 − ln ΛA0
)
(HC) .
(7)
For both latties we sanned the NL, taking the respe-
tive intervals quoted in Ref. 7 as a starting guess for the
loation of the NP.
For the T lattie, data for the saled domain-wall en-
ergy are shown in Fig. 1. Standard nite-size saling
18
suggests that the urves of Fig. 1 would oinide when
plotted against x ≡ N1/ν (p− pc).
A quantitative measure of how good the data ollapse
is an be provided as follows. For trial values of (ν, pc)
one alulates the χ2 per degree of freedom (χ2d.o.f.) of
a t of the data to a phenomenologial baseline urve
f(x) (in the present ase, sine the urvature of data was
monotoni, we found a paraboli form to be satisfatory).
As the frational unertainties of data points were all of
the same order, we used unweighted ts, i.e., the χ2d.o.f.
3Figure 2: (Color online) Triangular lattie: saling plot of
domain-wall free energies, Eq. (6), against the nite-size sal-
ing variable, N1/ν (p−pc). The entral estimates 1/ν = 0.67,
pc = 0.8355, have been used. Full line is quadrati t to data,
from whih η = 0.674(11) (see text).
was alulated via
χ2d.o.f. = (Nd −M)−1
Nd∑
i=1
(yi − f(xi))2 , (8)
where Nd stands for the number of data, Nd −M is the
number of degrees of freedom (M is the number of free
parameters), (xi, yi) are the data points, and f(xi) are
the values of the tting funtion at the respetive xi. The
use of uweighted ts is justied beause all data used in
eah t have similar frational unertainties. Therefore,
the omparative analysis of dierent tting parameters
for a speied set of data will not suer from distortions.
This was the proedure used in all data ollapse analyses
in the present work.
For domain-wall energies on the T lattie, we have
found that the best ollapse ours for 1/ν = 0.67(1),
pc = 0.8355(5). For the entral estimates the χ
2
d.o.f.
is 3 × 10−6. Within the intervals of ondene given ,
the χ2d.o.f. remains below 10
−5
. Fig. 2 illustrates the
quality of plot obtained, when the entral estimates just
quoted are used. A paraboli t to the saled data gives
η = 0.674(11), where unertainties in 1/ν and pc have
been taken into aount, in addition to those intrinsi to
the tting proess for xed values of these parameters.
A similar line of analysis was followed for the HC lat-
tie. Fig. 3 shows the unsaled domain-wall energy data,
while Fig. 4 is a saling plot for the same data. The
best ollapse ours for 1/ν = 0.67(1), pc = 0.9325(5).
Figure 3: Honeyomb lattie: domain-wall free energies,
Eq. (6), along the NL (parametrized by p, see Eq. (2)). Error
bars are of order of, or smaller, than symbol sizes.
For the entral estimates the χ2d.o.f. is 7× 10−6. Within
the intervals of ondene given, the χ2d.o.f. remains be-
low 2 × 10−5. An estimate of η from paraboli ts,
with the same onsiderations used for the T lattie, gives
η = 0.678(15).
The above estimates of pc for T and HC latties, when
plugged into Eq. (4), result in:
H(p1c) +H(p2c) = 1.002(3) . (9)
This improves on the auray of the estimate given in
Ref. 7 by one order of magnitude, while still being om-
patible with the predition Eq. (5). We view this agree-
ment as a strong indiation of plausibility of the onje-
ture exhibited in Ref. 7.
As regards the orrelation-length exponent, our esti-
mate ν = 1.49(2) is inompatible with ν = 1.33(3) quoted
from the same sort of domain-wall saling analysis ap-
plied to the NP on a square lattie
13
, but agrees well
with ν = 1.50(3), found from mapping into a network
model for disordered noninterating fermions, via TM
19
.
Turning now to the exponent η given in Eq. (6), it has
been realled, e.g., in Ref. 20, that in the presene of dis-
order, the saling indies of the disorder orrelator (i.e.,
the interfaial tension) dier from those of its dual, the
order orrelator (namely, spin-spin orrelations). Never-
theless, the onstraints of onformal invariane still hold,
with the result that the amplitude of the domain wall
energy remains a bona de universal quantity
20
. For a
square lattie, reent estimates give η = 0.691(2)13,19,20.
This is slightly outside the error bars quoted here for the
T lattie, but within the unertainty given for HC data.
4Figure 4: (Color online) Honeyomb lattie: saling plot of
domain-wall free energies, Eq. (6), against the nite-size sal-
ing variable, N1/ν (p−pc). The entral estimates 1/ν = 0.67,
pc = 0.9325, have been used. Full line is quadrati t to data,
from whih η = 0.678(15) (see text).
III. UNIFORM SUSCEPTIBILITIES
We alulated uniform zero-eld suseptibilities along
the NL for both T and HC latties, similarly to previous
investigations on the square lattie
21
. For the nite dif-
ferenes used in numerial dierentiation, we used a eld
step δh = 10−4 in units of J0. As in Se. II, we took the
respetive intervals quoted in Ref. 7 as a starting guess
for the loation of the NP.
Finite-size saling arguments
18
suggest a form
χN = N
γ/ν f
(
N1/ν(p− pc)
)
, (10)
where χN is the nite-size suseptibility, and γ is the
suseptibility exponent. In order to redue the number
of tting parameters, we kept 1/ν and pc xed at their
entral estimates obtained in Se. II, and allowed γ/ν to
vary.
Within this framework, our best t for the T lattie
was for γ/ν = 1.795(20), as shown in Fig. 5. For the en-
tral estimate the χ2d.o.f. is 1×10−4. Within the intervals
of ondene given, the χ2d.o.f. remains below 3 × 10−4.
These deviations are one and a half orders of magnitude
larger than the orresponding ones for domain-wall sal-
ing (see Se. II).
We repeated the same steps for the HC lattie, with
the results displayed in Fig. 6. The best t now was for
γ/ν = 1.80(4). For the entral estimate the χ2d.o.f. is
1 × 10−2, two orders of magnitude larger than for the
Figure 5: (Color online) Triangular lattie: saling plot of
uniform zero-eld suseptibilities, Eq. (10). The entral esti-
mates 1/ν = 0.67, pc = 0.8355, γ/ν = 1.795, have been used.
Full line is quadrati t to data.
T lattie. The lower quality of adjustment an be wit-
nessed visually. Within the intervals of ondene given,
the χ2d.o.f. remains below 3 × 10−2. Though the entral
estimates for the T and HC latties are very lose, the
orresponding error bars dier by a fator of two. For
the square lattie, we quote γ/ν = 1.80(2)21, ompatible
with both values found here.
IV. CORRELATION FUNCTIONS
Our study of orrelation funtions is based on previous
work for the square lattie
6
. We reall the following prop-
erty, whih has been shown to hold on the NL, for or-
relation funtions Cij between Ising spins σi, σj
1,2,22,23
:
[C
(2ℓ+1)
ij ] ≡ [ 〈σiσj〉2ℓ+1] = [C (2ℓ+2)ij ] ≡ [ 〈σiσj〉2ℓ+2] ,
(11)
where angled brakets indiate the usual thermal average,
square brakets stand for ongurational averages over
disorder, and ℓ = 0, 1, 2, . . . . Denoting by P (Cij) the
probability distribution funtion for the Cij , the pairing
of suessive odd and even moments predited in Eq. (11)
implies that P ′(Cij) ≡ (1−Cij)P (Cij) must be an even
funtion of Cij , everywhere on the NL
6
. We have ex-
pliitly heked that this onstraint is obeyed by the dis-
tributions generated for the T and HC latties, within
the same degree of auray as reported in Ref. 6 for
the square lattie. We shall not deal diretly with the
5Figure 6: (Color online) Honeyomb lattie: saling plot of
uniform zero-eld suseptibilities, Eq. (10). The entral esti-
mates 1/ν = 0.67, pc = 0.9325, γ/ν = 1.80, have been used.
Full line is quadrati t to data.
P (Cij) in what follows; instead, we onentrate on the
saling of their assorted momentsm k ≡ [C kij ] , espeially
in onnetion with their onformal-invariane properties.
In ontrast to the symmetry exhibited in Eq. (11)
whih holds everywhere on the NL, onformal invariane
is expeted only where the NL rosses the phase bound-
ary, i.e., at the NP.
For pure Ising systems on a strip of width L of a square
lattie, with periodi boundary onditions aross, onfor-
mal invariane implies that at ritiality, the orrelation
funtion between spins loated respetively at the origin
and at (x, y) behaves as8:
Cpurexy ∼

 π/L[
sinh2(πx/L) + sin2(πy/L)
]1/2


η
, η = 1/4 .
(12)
For the T and HC latties, the same is true, provided that
the atual, i.e., geometri site oordinates along the strip
are used in Eq. (12). Thus, from the representation of the
T lattie as a square (SQ) lattie with a single diagonal
bond, and of the HC as a brik" lattie, the respetive
SQ-like integer oordinates (i, j) transform respetively
into
x =
√
3
2
i ; y = j − 1
2
i (T) ;
x =
√
3 i ; y = j +
[ j + 1
2
]
(HC) , (13)
where [X ] denotes the largest integer ontained in X .
Figure 7: (Color online) Pure systems: ratio of alulated
orrelation funtions at the ritial point (.f.) to asymp-
toti form given in Eq. (12) (f0), against z ≡ (sinh2(pix/L)+
sin2(piy/L))1/2. Main diagram: T lattie (triangles), HC lat-
tie (hexagons). Insert: SQ lattie. Strip width N = 10 sites,
for all ases.
Reall that L = N (T); L = 3N/2 (HC), as ex-
plained above. With R ≡ (x2 + y2)1/2, the propor-
tionality fator in Eq. (12) an be obtained from ex-
at results (L,R → ∞, R ≪ L), CR = AX/R1/4,
where AX = 0.703 38 . . . , 0.668 65 . . . , 0.767 04 . . . re-
spetively for X = SQ, T, HC
24
. Though stritly speak-
ing Eq. (12) is an asymptoti form, for the SQ lattie
disrepanies are already very small at short distanes
6
,
and are even smaller for T and HC, as illustrated in
Fig. 7. The horizontal axis in the Figure is the argu-
ment z ≡ (sinh2(πx/L)+sin2(πy/L))1/2 of Eq. (12). The
range of z depited orresponds to x/L . 0.6, i.e. (for
strip width N = 10 sites) up to, respetively, 5(HC),
6(SQ), or 7 (T) full iterations of the TM. For larger x/L
the angular dependene of z (through y) beomes less
than one part in 102. For z . 1 the disrepany from
Eq. (12) is at most 0.4% for both T and HC, while in the
worst ase for SQ, namely (x, y)=(1,1), it reahes 1.3%.
For 1 < z < 3, the dierene is < 0.1% for T and HC,
and < 0.3% for SQ.
The above analysis of onformal invariane of pure-
system orrelation funtions indiates that, should sim-
ilar trends hold at the NP of spin glasses, estimates of
assoiated ritial indies for T and HC latties would be-
have more smoothly than for SQ (sine they rely on ts
of numerially-alulated orrelations to Eq. (12), with
η as an adjustable parameter). As in earlier work6, we
onentrate on short-distane orrelations, i.e., where the
6argument z is strongly inuened by y. Suh a setup is es-
peially onvenient in order to probe the angular depen-
dene predited in Eq. (12), whih onstitutes a rather
stringent test of onformal invariane properties.
We now turn to the quantitative analysis of the behav-
ior of assorted moments mi of the orrelation-funtion
distribution, against z. Bearing in mind Eq. (11), and
following Ref. 6, our goal is to extrat the deay-of-
orrelations exponents η 2j+1, via ts of our data to the
form m 2j+1 ∼ z−η 2j+1 .
When one attempts suh ts, several likely soures
of unertainty are present, on whih we now omment.
First, one has the nite width N of the strips used. In
Ref. 6, an extensive analysis of this point was undertaken,
with the onlusion that, e.g. for N = 10, nite-width
eets are already essentially subsumed in the expliit
L (i.e., N) dependene of Eq. (12), thus higher-order
nite-size orretions most likely do not play a signi-
ant role. We shall assume that this is the ase here as
well, and restrit ourselves to N = 10 for both T and
HC latties. Seond, the nite length M of strips im-
plies that averaged values will utuate from sample to
sample. Though the distribution itself (of, e.g., orrela-
tion funtions) displays an intrinsi width whih is a non-
vanishing feature onneted to the lak of self-averaging
present at ritiality, the average moments of the dis-
tribution behave in the expeted manner, namely, their
sample-to-sample utuations approah zero roughly as√
M with inreasing sample length M25,26. Therefore,
from a set of runs at assorted small values of M , one
an infer what eet sample-to-sample utuations will
have on results for larger M . In the alulation of re-
sults shown below, we have used M = 107, whih implies
a total of M ′ = 3.3 × 106 non-overlapping samples for
our orrelation-funtion statistis (beause eah sample
needs three full iterations of the TM, in order to san the
set of lattie points of interest). For suh value ofM , the
estimation proedure just outlined predits utuations
of order 0.1%, at most.
Finally, one has the unertainty in the loation of the
ritial point. We have found that, in the present ase,
this is the main soure of unertainties for our data.
Thus, e.g., with pc = 0.8355(5) for the T lattie, averaged
moments m 2j+1 taken at at the entral estimate dier
from those alulated at the edge of the error bar, by an
amount inreasing systematially with j, from ∼ 0.7%
for j = 0, to ∼ 1.5% for j = 3. For HC, deviations follow
the same trend against j but are slightly larger, ranging
from . 1% for j = 0, to . 2% for j = 3.
In Fig. 8 we show data for the T lattie, taken at our
entral estimate for the loation of the NP, p = 0.8355.
The error bars, assoiated mainly to the unertainty in
pc, as just disussed, are at most of order of the symbol
sizes. Fig. 9 exhibits data for the HC lattie. Perti-
nent omments are similar to those made above for the
T lattie.
In Table I we give numerial results of the ts illus-
trated in Figs. 8 and 9. Though T and HC estimates are
Figure 8: (Color online) Triangular lattie: double-
logarithmi plot of odd moments of the orrelation-
funtion distribution P (Cxy) against z ≡ (sinh
2(pix/L) +
sin2(piy/L))1/2 (see Eqs. (12) and (13)). Straight lines are un-
weighted least-squares ts to data. Data taken at p = 0.8355
for strip width N = 10, M ′ = 3.3× 106 non-overlapping sam-
ples in all ases.
Table I: Estimates of exponents η 2j+1, from least-squares
ts of averaged odd moments of orrelation-funtion distri-
butions. Data for N = 10 and z . 1.6, assuming m2j+1 ∼
z−η 2j+1 . T: triangular lattie (this work); HC: Honeyomb
lattie (this work); SQ: square lattie, alulated at the on-
jetured exat loation of the NP, see Eq. (3) (Ref. 6). Last
two olumns: square lattie, authors as quoted.
j T HC SQ Ref. 13 Ref. 19
0 0.181(1) 0.181(1) 0.1854(17) 0.1854(19) 0.183(3)
1 0.251(1) 0.252(1) 0.2556(20) 0.2561(26) 0.253(3)
2 0.297(2) 0.296(2) 0.300(2) 0.3015(30) 
3 0.330(2) 0.329(3) 0.334(3) 0.3354(34) 
quite onsistent with eah other, and with the results of
Ref. 19, for j = 0 and 1 both fall slightly below their SQ
ounterparts given in Refs. 6,13. For j = 2 and 3, as a
onsequene of generally wider error bars, all estimates
are broadly ompatible with one another.
V. DISCUSSION AND CONCLUSIONS
We have used domain-wall saling tehniques in Se. II
to determine the loation of the Nishimori point of Ising
spin glasses on both the T and HC latties. Probing
7Figure 9: (Color online) Honeyomb lattie: double-
logarithmi plot of odd moments of the orrelation-
funtion distribution P (Cxy) against z ≡ (sinh
2(pix/L) +
sin2(piy/L))1/2 (see Eqs. (12) and (13)). Straight lines are un-
weighted least-squares ts to data. Data taken at p = 0.9325
for strip width N = 10, M ′ = 3.3× 106 non-overlapping sam-
ples in all ases.
the temperatureonentration plane along the Nishi-
mori line, we have obtained well-behaved urves of in-
terfaial free energy; with the help of standard nite-
size saling tehniques, we have extrated the estimates
pc = 0.8355(5) and pc = 0.9325(5) respetively for the
loation of the Nishimori point on T and HC latties. As
a onsequene of this, we have been able to rene the
estimate of the quantity H(p1c) + H(p2c) (see Eqs. (4)
and (5)), whih has been onjetured in Ref. 7 to be ex-
atly unity. Indeed, our result given in Eq. (9) is 1.002(3),
whih gives strong support to the onjeture ited.
Furthermore, interfaial free energy data have allowed
us to estimate the orrelation-length exponent to be
ν = 1.49(2), in very good agreement with ν = 1.50(3)
from a mapping of the problem into a network model for
disordered noninterating fermions
19
, but inompatible
with ν = 1.33(3) from a TM treatment, presumably very
similar to the present one, for the SQ lattie
13
.
In order to investigate whether this latter disagreement
might indiate a lattie-dependent breakdown of univer-
sality, we alulated domain-wall free energies on the SQ
lattie as well. Strip widths N = 4 − 12 (both even and
odd) were used, again with M = 2 × 106 olumns (ex-
ept for N = 12 where M = 1 × 106). We sanned the
region of the NL omprising 0.88 . p . 0.90, whih in-
ludes both the onjetured exat loation of the NP
4,5
,
namely pc = 0.889972 · · · , and the estimate given in
Figure 10: Square lattie: semi-logarithmi plots of χ2d.o.f
for (unweighted) quadrati ts of domain-wall energies on
SQ lattie to a dependene on the nite-size saling variable
N1/ν (p − pc), against 1/ν. Eah set of data orresponds to
xed pc, as follows: triangles, pc = 0.889972 (onjetured ex-
at, Refs. 4,5); squares, pc = 0.8894; hexagons, pc = 0.8897;
stars, pc = 0.8903; rosses, pc = 0.8906 (entral estimate of
Ref. 13). Strip widths 4 ≤ N ≤ 12.
Ref. 13, pc = 0.8906(2). We found that saled data ol-
lapse more smoothly for pc and ν respetively lose to
0.889972 · · · and 1.5, rather than the values quoted in
Ref. 13. This is illustrated in Fig. 10, whih exhibits the
χ2d.o.f for unweighted quadrati ts of saled domain-
wall energies to a dependene on the nite-size saling
variable N1/ν (p − pc), plotted against 1/ν. Eah set
of data orresponds to xed pc, see aption to the Fig-
ure. We obtain ν = 1.45(8), pc = 0.8900(5), where the
intervals of ondene given reet the region in (ν, pc)
parameter spae in whih the χ2d.o.f remains below ∼ 1.5
times its overall minimum. Though the error bar for ν
is double that for T and HC latties, the present esti-
mate still enompasses the respetive results for both,
while exluding ν = 1.33. For the domain-wall energy
amplitude, we quote η = 0.665(10), slightly lower than,
but still ompatible with, the values found in Se. II.
We onlude that our domain-wall energy data fully sup-
port a piture of universal (i.e., lattie-independent) be-
havior at the NP of T, HC, and SQ latties. For all
three latties the orrelation-length exponent is onsis-
tent with ν = 1.50(3) of Ref. 19, but most likely exludes
ν = 1.33(3) of Ref. 13.
Our data for the uniform suseptibility, exhibited in
Se. III, do not sale as smoothly as the domain-wall en-
ergies. Nevertheless, the appliation of nite-size saling
8ideas yields estimates for the exponent ratio γ/ν whih
strongly support universal behavior at the NP, for T,
HC, and SQ latties. We reall that early work har-
aterized the transition at the NP as ompatible with
the universality lass of random perolation (see, e.g.,
Refs. 6,13,21 for disussions of this point). In this on-
text, we note that even our most aurate single result,
namely γ/ν = 1.795(20) for the T lattie, does not rule
out the perolation value
27 (γ/ν)p = 43/24 = 1.7917 . . . .
However, as explained below, onsideration of the full set
of results obtained here does support a senario whih
rules out perolation-like behavior.
Next, we turn to the investigation of orrelation fun-
tions in Se. IV. The rapid onvergene of T and HC
results towards the asymptoti form, illustrated in Fig. 7
for pure systems, has translated to some extent into a
disernible improvement on the auray of estimates for
the disordered ase. As explained above, for spin glasses
on T and HC latties the unertainty in the loation of
the NP is the main soure of utuations in numerially-
alulated quantities. Thus, the relatively small uner-
tainties shown in Table I show that the former eet om-
pensates for the noise assoiated to the latter, at least
partially. Compare, e.g., the T and HC olumns with
that for data taken at the onjetured exat loation of
the NP on SQ
6
.
The overall piture summarized in Table I learly
points towards universality of the several (multifra-
tal)
19,20
deay-of-orrelation exponents. The small dis-
repanies observed, for j = 0 and 1, between the T and
HC estimates, and a subset of those obtained earlier for
SQ, are likely to depend on details of the respetive tting
proedures. One must note, however, that the j = 0 and
1 T and HC estimates are onsistent with those derived
in Ref. 19. This is similar to the ase for the exponent
ν, in whih our own result is ompatible with the value
found in Ref. 19, and not with that given in Ref. 13.
Fousing now on j = 0, an unweighted average of all
results of the orresponding line in Table I gives η1 =
0.183(3). Considering the saling relation γ/ν = 2 − η1,
one gets γ/ν = 1.817(3), whih exludes (γ/ν)p by a
broad margin. Therefore, we quote the set of exponents
ν = 1.49(2), γ = 2.71(4) η1 = 0.183(3), distintly dier-
ent from the perolation values
27 νp = 4/3, γp = 43/18,
ηp = 5/24.
In summary, we have (i) produed aurate estimates
of the loation of the NP on T and HC latties, whih
provide strong evidene in support of the onjeture ex-
pressed in Eq. (5); (ii) onrmed that the ritial proper-
ties of the NP in two-dimensional systems are universal
in the expeted sense; and (iii) provided further evidene
that suh properties belong to a distint universality lass
from that of perolation.
As a nal remark, we note that our disussion has been
restrited to ritial behavior upon rossing the ferro-
paramagneti phase boundary. The ritial properties
along the boundary line are of interest as well
19,21
, and
their investigation on the T and HC latties would be a
natural ontinuation of the present work.
Aknowledgments
This researh was partially supported by the Brazilian
agenies CNPq (Grant No. 30.0003/2003-0), FAPERJ
(Grant No. E26152.195/2002), FUJB-UFRJ, and Insti-
tuto do Milênio de NanoiêniasCNPq.
∗
Eletroni address: sldqif.ufrj.br
1
H. Nishimori, Prog. Theor. Phys. 66, 1169 (1981).
2
H. Nishimori, Statistial Physis of Spin Glasses and In-
formation Proessing: An Introdution (Oxford University
Press, Oxford, 2001).
3
P. LeDoussal and A. B. Harris, Phys. Rev. Lett. 61, 625
(1988).
4
H. Nishimori and K. Nemoto, J. Phys. So. Jpn. 71, 1198
(2002).
5
J.-M. Maillard, K. Nemoto, and H. Nishimori, J. Phys. A
36, 9799 (2003).
6
S. L. A. de Queiroz and R. B. Stinhombe, Phys. Rev. B
68, 144414 (2003).
7
K. Takeda, T. Sasamoto, and H. Nishimori, J. Phys. A 38,
3751 (2005).
8
J. L. Cardy, in Phase Transitions and Critial Phenomena,
vol. 11 (Aademi, New York, 1987), edited by C. Domb
and J. L. Lebowitz.
9
B. Berhe and C. Chatelain, in Order, Disorder, and Crit-
iality (World Sienti, Singapore, 2004), edited by Yu.
Holovath.
10
P. G. Watson, in Phase Transitions and Critial Phenom-
ena, vol. 2 (Aademi, New York, 1972), edited by C.
Domb and M. S. Green.
11
J. L. Cardy, J. Phys. A 17, L961 (1984).
12
W. L. MMillan, Phys. Rev. B 29, 4026 (1984).
13
A. Honeker, M. Pio, and P. Pujol, Phys. Rev. Lett. 87,
047201 (2001).
14
V. Privman and M. E. Fisher, Phys. Rev. B 30, 322
(1984).
15
H. W. J. Blöte, F. Y. Wu, and X. N. Wu, Int. J. Mod.
Phys B 4, 619 (1990).
16
H. W. J. Blöte and M. P. Nightingale, Phys. Rev. B 47,
15046 (1993).
17
S. L. A. de Queiroz, J. Phys. A 33, 721 (2000).
18
M. N. Barber, in Phase Transitions and Critial Phenom-
ena (Aademi, New York, 1983), edited by C. Domb and
J. L. Lebowitz.
19
F. Merz and J. T. Chalker, Phys. Rev. B 65, 054425
(2002).
20
F. Merz and J. T. Chalker, Phys. Rev. B 66, 054413
(2002).
21
F. D. A. Aarão Reis, S. L. A. de Queiroz, and R. R. dos
Santos, Phys. Rev. B 60, 6740 (1999).
922
H. Nishimori, J. Phys. So. Jpn. 55, 5305 (1986).
23
H. Nishimori, J. Phys. A 35, 9541 (2002).
24
R. E. Hartwig and J. Stephenson, J. Math. Phys. 9, 836
(1968).
25
S. L. A. de Queiroz and R. B. Stinhombe, Phys. Rev. E
54, 190 (1996).
26
A. L. Talapov and L. N. Shhur, Europhys. Lett. 27, 193
(1994).
27
D. Stauer and A. Aharony, Introdution to Perolation
Theory (Taylor & Franis, London, 1994), 2nd ed.
